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Abstract
The focus of this article is on providing compact analytical expressions for the differential number
of polarization flipped signal photons constituting the signal of vacuum birefringence in the head-on
collision of x-ray free electron (XFEL) and optical high-intensity laser pulses. Our results allow for
unprecedented insights into the scaling of the effect with the waists and pulse durations of both
laser beams, the Rayleigh range of the high-intensity beam, as well as transverse and longitudinal
offsets. They account for the decay of the differential number of signal photons in the far-field
as a function of the azimuthal angle measured relative to the beam axis of the probe beam in
forward direction, typically neglected by conventional approximations. Moreover, they even allow
us to extract an analytical expression for the angular divergence of the perpendicularly polarized
signal photons. We expect our formulas to be very useful for the planning and optimization of
experimental scenarios aiming at the detection of vacuum birefringence in XFEL/high-intensity
laser setups, such as the one put forward at the Helmholtz International Beamline for Extreme
Fields (HIBEF) at the European XFEL.
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I. INTRODUCTION
In contrast to classical notions of the vacuum, the vacuum of relativistic quantum field
theories such as quantum electrodynamics (QED), describing the microscopic interactions
of light and matter, is far from trivial: the reason being the omnipresence of fluctuations
of the theory’s quantum fields. While QED does not provide for a direct tree-level inter-
action among photons, quantum vacuum fluctuations generically induce effective nonlin-
ear couplings among electromagnetic fields [1–4], the leading one arising from an effective
four-photon coupling mediated by an electron-positron loop [5, 6]. For the macroscopic
electromagnetic fields available in the laboratory, these effective couplings are very small
and suppressed parametrically with the electron mass m, constituting the typical scale the
strengths of the applied fields are compared to; note that mc2 ≃ 511 keV, corresponding to
very large magnetic and electric field strengths of m
2c2
e~
≃ 4.4 · 109T and m2c3
e~
≃ 1.3 · 1016 V
cm
,
respectively. This explains why signatures of QED vacuum nonlinearity are very elusive in
experiment, and have not been verified experimentally in macroscopic electromagnetic fields
so far.
One of the most fascinating properties of the QED vacuum in strong electromagnetic
fields is vacuum birefringence [7–10]. If an originally linearly polarized probe photon beam
is sent through a strong-field region, some of the photons constituting the beam can be
scattered into a perpendicularly polarized mode, whereas the majority of the probe photons
traverses the strong-field unaltered. This effectively supplements the probe beam with a
tiny ellipticity, thereby attributing a birefringence phenomenon to the quantum vacuum in
electromagnetic fields.
Vacuum birefringence is already actively searched for by the Bire´fringence Magne´tique du
Vide (BMV) [11], the Polarizzazione del Vuoto con Laser (PVLAS) [12] and the Observing
Vacuum with Laser (OVAL) [13] experiments. In these searches the probe photons are
delivered by a continuous wave laser, and the birefringence signal is induced in a meter-sized
magnetic field of a few Tesla. The effective optical path-length for the probe photons in
the magnetic field, and hence the number of polarization flipped signal photons, is increased
substantially by the use of optical high finesse cavities. To allow for a test of the QED
prediction, the sensitivity of these ongoing searches still needs to be improved; for recent
developments see [14] and references therein.
An alternative route to verify vacuum birefringence has been put forward by [15], propos-
ing to use a bright linearly polarized x-ray beam as probe and an optical high-intensity laser
as pump; cf. also [16, 17]. As the birefringence signal is inversely proportional to the wave-
length of the probe and directly proportional to the number of photons available for probing,
employing an XFEL as probe seems most promising, particularly given the great progress
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in x-ray polarimetry achieved in recent years [18, 19]. Such an experiment is scheduled, e.g.,
at the Helmholtz International Beamline for Extreme Fields at the European XFEL [20].
For proposals of vacuum birefringence experiments with dipole, synchrotron and gamma
radiation, cf. [21–25]. Besides, also note the recently reported indications for the relevance
of QED vacuum birefringence for the optical polarimetry of a neutron star [26–28], and [29]
for another discussion of vacuum birefringence effects in a cosmological context.
For other signatures of strong-field QED and further theoretical proposals to verify sig-
natures of QED vacuum nonlinearities, see the reviews [30–38], and references therein.
The standard approach to allow for an analytical estimate of the effect of QED vacuum
birefringence is based on the determination of the refractive indices of the two physical probe
photon propagation eigenmodes [7–10] in infinitely extended constant electromagnetic fields.
This determination explicitly makes use of the fact that due to translational invariance in
such fields the four-momentum kµ of traversing probe photons remains unaltered, allowing
for the definition of global refractive indices depending on the strength and orientation of
the background field. In constant fields the difference of these refractive indices ∆n can be
straightforwardly translated into a relative phase shift as ∆φ = 2π d
λp
∆n, where d denotes
the distance traveled by the probe photons in the constant electrodynamic field and λp is the
probe wavelength. Now, conventional approximations aiming at analytical insights into the
effect of vacuum birefringence in manifestly inhomogeneous fields employ a locally constant
field approximation on the level of this formula, resulting in the simple ad hoc substitution of
d
λp
∆n→ 1
λp
∫
ds∆n(s), where s parameterizes the optical path of the probe photons in the
pump field [15]. The inhomogeneity of the pump results in a position s dependent refractive
index difference ∆n(s). We emphasize that this derivation heavily relies on the assumption
of translational invariance, which is of course manifestly violated in inhomogeneous fields.
In turn, effects generic to inhomogeneous fields, such as momentum exchanges between
pump and probe fields are completely neglected from the outset [39], and potentially large
deviations from more refined calculations are to be expected.
Having pointed out the relevance of the scattering of polarization-flipped signal photons
outside the forward cone of the x-ray probe in all-optical studies of vacuum birefringence [40],
in [41] we have studied the phenomenon of vacuum birefringence in the collision of an XFEL
probe and a near-infrared high-intensity pump laser pulse in unprecedented detail, based
upon a reformulation of the effect of vacuum birefringence as a vacuum emission process
[42]. In this study, we modeled both lasers as linearly-polarized pulsed paraxial Gaussian
beams and accounted for a finite collision angle as well as spatio-temporal misalignments
of the beam foci. The birefringence signal is maximum for counter propagating, perfectly
aligned beams whose polarization vectors differ by an angle of π
2
.
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As it is usually the case when refining the theoretical description of an effect by accounting
for more and more experimentally relevant parameters, the more realistic modeling of the
above vacuum birefringence scenario came along with more complicated expressions for the
differential number of signal photons scattered into a perpendicular mode d3N⊥ as compared
to simplistic analytical estimates [15]. They generically involve integrations which cannot
be performed analytically, and hence require the use of numerics for their evaluation. The
lack of an explicit representation of these results makes it hard to infer highly relevant
characteristics, such as scaling laws describing how the signature changes under the variation
of a given parameter.
In the present work, we aim at bridging this gap by providing new handy analytical ex-
pressions for the differential number of polarization flipped signal photons. Starting point of
our considerations are the results obtained in [41]. More specifically, we do not focus on the
most generic collision geometry as in [41], but stick from the outset to the case of a strict
counter-propagation geometry and the optimal choice for the polarization alignment of the
beams. At the same time, we still account for the effects of spatio-temporal misalignments
of the beam foci; cf. Fig. 1. Note, that the invoked simplifications also match the exper-
imental situation: while the beam axes and polarizations can be aligned with sufficiently
high precision, spatio-temporal offsets, e.g. due to beam jitter, generically occur and are
typically hard to control in high-intensity laser experiments.
In a sense, the present paper amounts to a rather straightforward and logical continuation
of [41]. At the same time, it represents a significant step further by providing handy ana-
lytical expressions for the differential number of polarization flipped signal photons allowing
for quantitative estimates in the planning of potential discovery experiments.
Our paper is organized as follows: In Sec. II we detail the starting point of our consid-
erations and the involved approximations. Section III is devoted to the derivation of the
new analytical expressions for the differential number of polarization flipped signal photons.
Moreover, some immediate applications of the obtained formulas are outlined. Finally, we
end with conclusions in Sec. IV.
II. CONSIDERED SCENARIO
We assume both laser beams to be well-described as paraxial Gaussian beams, supple-
mented by Gaussian pulse profiles; for the field profiles, cf. Eqs. (9) and (12) of [41]. The
QED vacuum induced effective interaction of the laser beams is treated on the level of a
locally constant field approximation (LCFA) of the one-loop Heisenberg-Euler effective La-
grangian [2, 4]. As detailed, e.g., in [43, 44], this approximation should be well-justified for
4
FIG. 1: Illustration of the scenario considered in this article. The high-intensity laser beam (beam
waist w0, beam focus at ~x = 0) exhibits a rotational symmetry about its beam axis and propagates
along the positive z axis. The XFEL probe propagates in negative z direction and has a generic
elliptical transverse profile characterized by the two waist parameters w1 and w2. Its beam focus can
be spatially offset from that of the high-intensity beam by ~x0. The signal of vacuum birefringence
is encoded in polarization flipped x-ray signal photons (wave vector ~k), potentially deflected from
the beam axis of the probe by an angle of ϑ≪ 1, and to be detected in the far field.
weakly varying electromagnetic fields, characterized by photon energies much smaller than
the electron rest energy mc2.
The high-intensity laser beam (wavelength λ, waist w0, Rayleigh range zR = πw
2
0/λ,
pulse energy W and pulse duration τ) is assumed to exhibit a rotational symmetry around
its beam axis. Without loss of generality we assume it to propagate in positive z direction.
It is brought into collision with a XFEL pulse propagating in exactly opposite direction,
i.e., in negative z direction. As it maximizes the number of attainable signal photons, the
counter-propagation geometry is also of most interest for experimental attempts aiming at
the measurement of vacuum birefringence. Due to its comparably mild focusing, it is well-
justified to adopt the infinite Rayleigh range approximation for the XFEL beam (wavelength
λp, photon energy ω = 2π/λp, N photons per pulse of duration T ) in the interaction volume
[40, 41]. More specifically, we allow for generic elliptical transverse XFEL beam profiles,
characterized by two perpendicular waists wi with i ∈ {1, 2}. Note, that for all considered
cases, the associated Rayleigh ranges zR,i = πw
2
i /λp fulfill zR,i/zR = (wi/w0)
2λ/λp ≫ 1,
justifying the use of the infinite Rayleigh range approximation. For a graphical illustration
of the considered scenario, cf. Fig. 1.
As mentioned in Sec. I above, for general collision geometries the expression for the
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differential number of polarization-flipped signal photons is rather unhandy and cannot be
integrated analytically. However, in the Appendix A of Ref. [41] we have shown that a
substantial simplification is possible for the counter-propagation geometry, if one neglects
the transverse widening w(z) = w0
√
1 + (z/zR)2 of the high-intensity laser beam radius
with the longitudinal distance z from the beam focus at z = 0. To this end, one replaces
w(z) → w ≥ w0 with a z-independent effective beam radius w in the interaction volume,
while still accounting for the overall drop of its field strength ∼ w0/w(z) = 1/
√
1 + (z/zR)2
with increasing distance from the focus; cf. in particular Appendix A of [41] where w = weff
for the details. The latter substitution allows for a closed-form approximative expression for
d3N⊥ in terms of polynomials, exponentials and the error function, and is given in Eq. (A2)
of [41]. Choosing the effective beam waist w adequately, this result amounts to an excellent
approximation [41]: it can be tuned such that the number of signal photons obtained with
this approximation matches the corresponding outcome of a numerical evaluation of the full
result presented in [41], which is not employing the effective beam waist approximation.
Because of w(z) ≥ w0, the naive identification w = w0 reduces the strong-field volume and
thus generically leads to an underestimation of the number of signal photons. An alternative,
especially convenient approximate choice for w, which does not need input from a numerical
calculation, amounts to averaging w(z) over the beam’s Rayleigh range, resulting in
w =
1
zR
∫ zR
0
dzw(z) =
w0
2
[
√
2 + arsinh(1)] ≃ 1.15w0 . (1)
As demonstrated in Sec. III below, the latter choice amounts to an reasonable approxima-
tion. As it does not need any input from a numerical calculation, we will adopt it as our
approximation of choice.
Unfortunately, the corresponding approximate expression for the differential number of
polarization-flipped signal photons is still rather unhandy, and it is hard to infer the ef-
fect of changes of its various parameters on integrated numbers of signal photons. It
is the aim of the present work to overcome these limitations. As they turn out to
be substantially suppressed, we will in addition from the outset neglect contributions
∼ exp{− 2τ2
1+ 1
2
( τ
T
)2
(ω+k
8
)2} in this expression – or equivalently limit ourselves to the q = +1
contribution in Eq. (A2) of [41] only. In turn, in the Heaviside-Lorentz system and units
where c = ~ = 1, the differential number of polarization flipped signal photons with mo-
mentum vector ~k = k(cosϕ sinϑ,− sinϕ sinϑ,− cos ϑ) in the far field (cf. Fig. 1) is given
by
d3N⊥ ≈ m4 d
3k
(2π)3
k(w2zRτ)
2(1 + cosϑ)2 α
( π
120
)2( eE0
2m2
)2( eE0
2m2
)4
6
× (w1w2)
2
w4 + 2w2(w21 + w
2
2) + 4(w1w2)
2
1
1 + 1
2
( τ
T
)2
× e−
1
2
(wk sinϑ)2
w2[w21 cos
2(ϕ−δ0)+w
2
2 sin
2(ϕ−δ0)]+2(w1w2)
2
w4+2w2(w2
1
+w2
2
)+4(w1w2)
2
e
−4
(w2+2w22)(~ˆa·~x0)
2+(w2+2w21)(
~ˆb·~x0)
2
w4+2w2(w2
1
+w2
2
)+4(w1w2)
2 +
8
T2
(2zR)
2
−(z0+t0)
2
1+ 12 (
τ
T
)2
× e−
τ2
1+ 12 (
τ
T
)2
(ω−k
4
)2
∣∣∣∣∑
ℓ=±1
e
ℓzR
[
k(1−cos ϑ)+ 8
1+ 12 (
τ
T
)2
(ω−k
4
)−i 8
T
2
z0+t0
T
1+ 12 (
τ
T
)2
]
×
[
1− erf
(
4zR
T
+ℓT (ω−k
4
)+ℓTk
8
(1−cos ϑ)[1+ 1
2
( τ
T
)2]√
1+ 1
2
( τ
T
)2
− iℓ 2
z0+t0
T√
1+ 1
2
( τ
T
)2
)]∣∣∣∣2 , (2)
with spatial ~x0 = (x0, y0, z0) and temporal t0 offset parameters; α =
e2
4π
≃ 1
137
is
the fine-structure constant. Besides, w1 is the waist of the XFEL probe in direction
~ˆa = (− cos δ0, sin δ0, 0), and w2 the waist in the perpendicular direction ~ˆb = (sin δ0, cos δ0, 0).
The electric peak field amplitudes of the pump and probe lasers are E0 and E0, respectively.
They can be related to the laser pulse parameters given above via [45]
E20 ≈ 8
√
2
π
W
πw20τ
and E20 ≈ 8
√
2
π
Nω
πw1w2T
. (3)
For completeness, note that these field amplitudes were underestimated in [45], where inac-
curate formulae relating the laser parameters and the peak field amplitudes were used: To
arrive at the correct values, all the results for the total signal photon numbers derived in
[41] have to be rescaled by an overall factor of (4
√
2/π/0.87)3 ≃ 49.37.
III. RESULTS
In Ref. [40, 41] we have found that the spectrum of the signal photons is strongly peaked
at the photon energy ω of the driving XFEL beam and quickly approaches zero towards
both lower and higher frequencies within fractions of an electronvolt; cf., e.g., Fig. 3 of
[40]. Besides, the signal photons are predominantly emitted in the forward direction of the
XFEL beam (corresponding to ϑ = 0), and their differential number decays rapidly with
the azimuthal angle ϑ within a narrow angle regime fulfilling ϑ≪ 1 given that ωwi ≫ 1 for
i ∈ {0, 1, 2}. The latter condition can be straightforwardly inferred from the argument of
the exponential in the third line of Eq. (2), and should be met for birefringence scenarios
employing XFEL and high-intensity laser beams. For a more detailed discussion, cf. below.
In the following we will make use of these properties to arrive at a more handy expression
for the differential number of polarization-flipped signal photons. More specifically, we
devise the following procedure: (i) Replace k by ω in slowly varying terms, accounting for
the fact that ϑ ≪ 1. In turn, all k in Eq. (2) apart from those in the three occurrences of
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the factor (ω−k
4
) become ω. (ii) Expand all trigonometric functions of ϑ to leading order
in ϑ ≪ 1 and neglect higher-order terms. (iii) Integrate over the signal photon energy k,
approximating the overall factor k3 contained in dk k by ω3, and extending the integration
boundaries to ±∞, respectively. For convenience, we furthermore employ a substitution
to the dimensionless integration variable κ = τ√
1+ 1
2
( τ
T
)2
(ω−k
4
) in the last step, and choose
a coordinate system where δ0 = 0, such that ~ˆa → −~ˆex and ~ˆb → ~ˆey; cf. also Fig. 1. Of
course, step (iii) is to be omitted if one is interested in the energy spectrum resolved signal
photon numbers. However, from the overall factor ∼ exp{− τ2
1+ 1
2
( τ
T
)2
(ω−k
4
)2} in Eq. (2) we
can immediately infer that the signal photon spectrum is strongly peaked at k = ω and its
1/e2 width is approximately given by ∆k ≃ 8
τ
√
2 + ( τ
T
)2, which, e.g., for an experimentally
realistic choice of τ = T = 30 fs (cf. also below) yields ∆k ≈ 0.3 eV. In principle arising
inelastic contributions due to QED vacuum fluctuation induced frequency mixing effects
peaked at k ≈ ω ± 2Ω are substantially suppressed and thus have been neglected already
from the outset; cf. [40, 41].
Implementing the steps (i)-(iii) in Eq. (2) and making use of the identities (3), we obtain
d2N⊥
dϕ dϑϑ
≈ N
2π
4α4
25(3π)
3
2
(W
m
λC
w
)2( w
w0
ω
m
)4 w1
w
w2
w
1 + 2(w1
w
+ w2
w
)2
× e−
1
2
(ωϑ)2
w21 cos
2 ϕ+w22 sin
2 ϕ+2w2(
w1
w
w2
w )
2
1+2(
w1
w +
w2
w )
2
× e−4
[1+2(
w2
w )
2](
x0
w )
2+[1+2(
w1
w )
2](
y0
w )
2
1+2(
w1
w +
w2
w )
2 F
( 4zR
T√
1+ 1
2
( τ
T
)2
,
2
z0+t0
T√
1+ 1
2
( τ
T
)2
, T
τ
)
, (4)
where λC = ~/(mc) is the reduced Compton wavelength of the electron, and we made use
of the definition
F (χ, χ0, ρ) :=
√
1 + 2ρ2
3
χ2 e2(χ
2
−χ20)
×
∫
∞
−∞
dκ e−κ
2
∣∣∣∣∑
ℓ=±1
e2ℓ(ρκ−iχ0)χ
[
1− erf
(
ℓ(ρκ− iχ0) + χ
)]∣∣∣∣2 . (5)
In strict forward direction, ϑ = 0, Eq. (4) scales as ∼ ω4 with the probe photon energy.
For finite deflection angles ϑ, also the ω2 dependence in the argument of the exponential
in the second line of Eq. (4) becomes relevant. A vanishing longitudinal offset z0 + t0 = 0
corresponds to χ0 = 0. In this case, all parameters in Eq. (5) are real valued. Note, that all
dependences of Eq. (4) on the pulse durations of the pump τ and probe T pulses, as well as
on the Rayleigh range zR of the pump and the longitudinal offset z0 + t0 are encoded in the
latter function. For the parameters adopted in [41]: λ = 800 nm, τ = T = 30 fs, z0 + t0 = 0
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and w0 = 1µm, we have
F
(√
2
3
4zR
T
, 0, 1
)
≃ 1 , (6)
implying that the presented formulas take a particularly compact form in this specific limit.
The decay of the differential number of signal photons with increasing impact parameter
in transverse direction controlled by x0 and y0 is fully captured by the exponential function in
the last line of Eq. (4). It is independent of the integration variables and thus also describes
the corresponding decay of the integrated numbers of signal photons.
It is often convenient to turn to Cartesian angle coordinates, defined as X = ϑ cosϕ
and Y = ϑ sinϕ, for which dϕ dϑϑ → dXdY and w21 cos2 ϕ + w22 sin2 ϕ + 2w2(w1w w2w )2 =
w21[1 + 2(
w2
w
)2]X2 + w22[1 + 2(
w1
w
)2]Y 2. In these coordinates, the angular integrations to be
performed to obtain N⊥ from Eq. (4) reduce to elementary Gaussian integrals. From Eq. (4)
it is straightforward to infer the total number of polarization-flipped signal photons as
N⊥
N
≈ 4α
4
25(3π)
3
2
(W
m
ω
m
)2(λC
w0
)4 1√
[1 + 2(w1
w
)2][1 + 2(w2
w
)2]
× e−4
[1+2(
w2
w )
2](
x0
w )
2+[1+2(
w1
w )
2](
y0
w )
2
1+2(
w1
w +
w2
w )
2 F
( 4zR
T√
1+ 1
2
( τ
T
)2
,
2
z0+t0
T√
1+ 1
2
( τ
T
)2
, T
τ
)
︸ ︷︷ ︸
≡F
, (7)
which scales as ∼ ω2 with the probe photon energy. As indicated in Eq. (7), to allow for
a more compact representation of the respective equations, in the remainder we will often
suppress the argument of the function F .
At the begin of this section, we emphasized that the formulae presented here should
be valid in the limit of ωwi ≫ 1, with i ∈ {0, 1, 2}. Let us be a bit more specific what
this restriction means for typical parameters available in experiment: Assuming the XFEL
photon energy to be given by ω = n keV ↔ λp ≈ 1.2n nm, with n ≥ 1, and the above
criterion to be fulfilled sufficiently for ωwi ≥ 10, we obtain the condition wi ≥ 2n nm on
the beam waists. This condition is obviously met for optical high-intensity laser beams, for
which w0 = O(1)µm. It imposes a more severe restriction on the XFEL waists w1 and w2.
However, all present and near-future XFEL facilities fulfill wi ≫ λp, i.e., cannot be focussed
down to the diffraction limit, implying the above criterion to be satisfied as well.
The number of signal photons attainable for the particular case of the XFEL beam of
significally smaller diameter than the optical high-intensity laser, i.e., {w1, w2} ≪ w0, nev-
ertheless follow from the formal limit of {w1, w2} → 0 in Eq. (7). In this case, Eq. (7) is of
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a particularly simple form and reads
N⊥
N
∣∣∣∣
wi=0
≈ 4α
4
25(3π)
3
2
(W
m
ω
m
)2(λC
w0
)4
e−4
x20+y
2
0
w2 F
( 4zR
T√
1+ 1
2
( τ
T
)2
,
2
z0+t0
T√
1+ 1
2
( τ
T
)2
, T
τ
)
, (8)
and for vanishing spatio-temporal offset parameters xµ0 = (t0, ~x0) = 0,
N⊥
N
∣∣∣∣
wi=x
µ
0=0
≈ 4α
4
25(3π)
3
2
(W
m
ω
m
)2(λC
w0
)4
F
( 4zR
T√
1+ 1
2
( τ
T
)2
, 0, T
τ
)
. (9)
For completeness, also note that further analytical insights are possible in the limit of very
large probe pulse durations, significally larger than both the Rayleigh range zR and the
pulse duration τ of the high-intensity pump pulse. To this end we consider the formal limit
of {T
τ
, T
zR
} → ∞. Taking into account that limT/τ→∞{1 − erf(Tτ ξ)} = 2Θ(−ξ), where Θ(.)
denotes the Heaviside function, it is straightforward to show that
F
( 4zR
T√
1+ 1
2
( τ
T
)2
, 0, T
τ
)∣∣∣
T→∞
≃ τ
T
√
2π
3
(8zR
τ
)2
e(
8zR
τ
)2
[
1− erf(8zR
τ
)]
. (10)
The overall scaling of Eq. (10) with 1/T agrees with our expectations: for plane wave
probes of infinitely long pulse duration, the differential number of signal photons should
be proportional to the probe photon current density J ∼ N/(πw1w2T ), encoding the only
dependence on T [43].
In Table I we confront the total numbers of polarization-flipped signal photons N⊥ nor-
malized by the total number of incident XFEL photons for probing N as obtained from
Eq. (7), employing the identification (1), with the corresponding results of a numerical in-
tegration of the full result for the differential number of polarization-flipped signal photons
N full
⊥
derived in [41] for various probe beam profiles. This comparison is intended to obtain
a feeling for the accuracy of the approximate result (7). To this end, we adopt to the laser
pulse parameters of [41]: W = 30 J, λ = 800 nm, τ = T = 30 fs, w0 = 1µm, ω = 12914 eV,
N ≃ 1012, as well as vanishing offset parameters. Recall, that in this case F ≃ 1; cf.
Eq. (6) above. Table I confirms that, even when sticking to the simple identification (1),
our analytical approximation (7) allows for reasonable estimates of the attainable numbers
of polarization-flipped signal photons. For all cases shown in Table I the relative deviations
are below ≈ 15%.
Finally, we compare our result (9) for the total number of perpendicularly polarized
signal photons attainable in the scenario where the XFEL beam fulfills {w1, w2} ≪ w0
and is perfectly aligned with the beam axis of the high-intensity pump with the simplistic
estimation of the same quantity by [15], based on the conventional approach to QED vacuum
10
w1/w0 w2/w0 N⊥/N N
full
⊥
/N |1−N⊥/N full⊥ |
1/10 1/10 2.9 · 10−11 3.0 · 10−11 2.6%
1/3 1/3 2.6 · 10−11 2.6 · 10−11 0.2%
1 1 1.2 · 10−11 1.1 · 10−11 8.0%
3 3 2.0 · 10−12 1.8 · 10−12 13.8%
3 1/10 7.8 · 10−12 7.4 · 10−12 5.4%
3 1/3 7.2 · 10−12 6.8 · 10−12 6.9%
3 1 4.9 · 10−12 4.4 · 10−12 11.1%
TABLE I: Total numbers of polarization-flipped signal photons for different probe beam cross
sections, characterized by the two waist parameters w1 and w2, measured in units of the pump
waist w0. The laser pulse parameters employed here are W = 30J, λ = 800nm, τ = T = 30 fs,
w0 = 1µm, ω = 12914 eV, N ≃ 1012. In addition, we assume optimal collisions, i.e., ~x0 = 0 and
t0 = 0. Here, N⊥ and N
full
⊥
denote our approximate results (7) and the analogous outcome of
a numerical integration of the full result for the differential number of polarization-flipped signal
photons derived in [41]. The relative deviation of these quantities is measured by |1−N⊥/N full⊥ |.
birefringence outlined in Sec. I. By construction, this approach does not account for the
angular spread of the signal photons, but only considers polarization-flipped signal photons
propagating in exact forward direction. In turn, only integrated signal photon numbers can
be compared. Identifying the peak intensity I0 of the pump in the formulas given in [15]
with the expression for E20 from Eq. (3), their result can be expressed as
N⊥[15]
N
∣∣∣∣
wi=x
µ
0=0
=
(∆φ
2
)2
≈ 2048α
4
225π
(W
m
ω
m
)2(λC
w0
)4(zR
τ
)2
, (11)
where ∆φ denotes the relative phase shift between the two x-ray propagation eigenmodes in
the high-intensity pump field; cf. [15] for the details. In turn, the ratio of Eqs. (11) and (9)
is given by
(N⊥[15]
N
)
/
(N⊥
N
)∣∣∣∣
wi=x
µ
0=0
≃ 512
√
π
3
(zR
τ
)2
/F
( 4zR
T√
1+ 1
2
( τ
T
)2
, 0, T
τ
)
. (12)
For the specific laser pulse parameters given above, this results in a discrepancy as large as
(N⊥[15]
N
)
/
(N⊥
N
)∣∣∣∣
wi=x
µ
0=0
≃ 100. (13)
As argued above, given the rather crude ad hoc approximations involved in the derivation of
[15], a sizable deviation is not unexpected. Admittedly, the observed discrepancy of roughly
two orders of magnitude is rather impressive. It underpins even more the relevance of the
new results presented here.
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In the remainder of this article we briefly discuss some additional interesting results and
scalings which can be straightforwardly inferred from our central result (4).
Note, that in the far field the angular distribution of the photons constituting the XFEL
probe beam should be well-described by [41]
d2N
dϕ dϑϑ
≃ N
2π
ω2w1w2 e
−
1
2
(ωϑ)2(w21 cos
2 ϕ+w22 sin
2 ϕ) , (14)
such that its radial 1/e2 beam divergence is given by
θ(ϕ) =
2
ω
√
w21 cos
2 ϕ+ w22 sin
2 ϕ
. (15)
Analogously, from Eq. (4) we can read off the radial beam divergence of the signal photons,
resulting in
θ⊥(ϕ) ≃ θ(ϕ)
√
1 + 2
(w1
w
+
w2
w
)2
. (16)
The latter result implies that the divergence of the signal photons is generically larger than
that of the driving probe beam as {w1
w
, w2
w
} > 0. In turn, apart from the asymptotic limit of
an infinitesimal narrow probe beam profile described by {w1
w
, w2
w
} → 0, for which the far-field
divergences of the XFEL probe beam and of the signal photons agree with each other, the
differential signal photons number (3) falls off slower with the azimuthal ϑ than the photons
constituting the XFEL probe (14).
Assuming the ratio of the differential numbers of polarization-flipped and inert probe
photons in forward direction to be smaller than the polarization purity P of a given po-
larimeter, i.e., dN⊥
dϕdϑϑ
/ dN
dϕdϑϑ
∣∣
ϑ=0
< P, we can explicitly determine the polar angle ϑ = ϑ=(ϕ)
for which ( dN⊥
dϕdϑϑ
)
/
( dN
dϕdϑϑ
)∣∣∣∣
ϑ=ϑ=(ϕ)
= P . (17)
At least in principle, signal photons scattered outside this angle should be directly mea-
surable and no longer be background dominated; cf. also the detailed discussion in [41].
Solving the latter equation for ϑ=(ϕ), we find
ϑ2=(ϕ) =
1
(ωw)2
1
(w1
w
w2
w
)2 − [(w1
w
)2 cos2 ϕ+ (w2
w
)2 sin2 ϕ](w1
w
+ w2
w
)2
×
{[
1 + 2
(w1
w
+
w2
w
)2]
ln
(
4α4
25(
√
3π)3
(W
m
ω
m
)2(λC
w0
)4 1
1 + 2(w1
w
+ w2
w
)2
F
P
)
− 4
[
1 + 2
(w2
w
)2](x0
w
)2
− 4
[
1 + 2
(w1
w
)2](y0
w
)2}
. (18)
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Herewith, it is straightforward to determine the differential number dN⊥>
dϕ
≃ ∫∞
ϑ=(ϕ)
dϑϑ dN⊥
dϕ
of polarization-flipped signal photons emitted into directions fulfilling ϑ ≥ ϑ=(ϕ), given by
dN⊥>
dϕ
≈ N
2π
P
w1
w
w2
w
[1 + 2(w1
w
+ w2
w
)2]
(w1
w
)2 cos2 ϕ+ (w2
w
)2 sin2 ϕ+ 2(w1
w
w2
w
)2
×
(
2α2
5(3π)
3
4
W
m
ω
m
(λC
w0
)2 √F/P√
1 + 2(w1
w
+ w2
w
)2
) 1+2(w1w +w2w )2
(
w1
w +
w2
w )
2−(
w1
w
w2
w )
2/[(
w1
w )
2 cos2 ϕ+(
w2
w )
2 sin2 ϕ]
× e−2
[1+2(
w2
w )
2](
x0
w )
2+[1+2(
w1
w )
2](
y0
w )
2
(
w1
w +
w2
w )
2−(
w1
w
w2
w )
2/[(
w1
w )
2 cos2 ϕ+(
w2
w )
2 sin2 ϕ] . (19)
It is instructive to compare Eq. (19) with the analogous result for the differential number of
signal photons integrated over all ϑ, attainable from Eq. (4) above,
dN⊥
dϕ
≈ N
2π
4α4
25(3π)
3
2
(W
m
ω
m
)2(λC
w0
)4
F
×
w1
w
w2
w
(w1
w
)2 cos2 ϕ+ (w2
w
)2 sin2 ϕ+ 2(w1
w
w2
w
)2
× e−4
[1+2(
w2
w )
2](
x0
w )
2+[1+2(
w1
w )
2](
y0
w )
2
1+2(
w1
w +
w2
w )
2 , (20)
with regard to the scaling of the differential numbers of signal photons with the probe photon
energy ω. While the latter is proportional to an overall factor of ω2 independent of ϕ, the
former exhibits a ϕ dependent scaling, reaching its extremal values for ϕ = 0 (direction of
half-axis w1) and ϕ =
π
2
(direction of w2). More specifically, we infer a scaling ∼ ωβi with
exponential β1 = 2 + [1 + 2(
w2
w
)2]/[(w1
w
)2 + 2w1
w
w2
w
] for ϕ = 0 and β2 = β1|w1↔w2 for ϕ = π2 .
Note, that βi > 2 for all possible choices of w1 and w2.
For circular transverse probe profiles w1 = w2 it is even possible to perform the integration
over ϕ in Eq. (19) analytically, yielding
N⊥>
N
∣∣∣∣
w1=w2
≈ P 1 + 8(
w1
w
)2
1 + 2(w1
w
)2
(
2α2
5(3π)
3
4
W
m
ω
m
(λC
w0
)2 √F/P√
1 + 8(w1
w
)2
)2+ 1+2(w1w )2
3(
w1
w )
2
× e−2
1+2(
w1
w )
2
3(
w1
w )
2
[(
x0
w
)2+(
y0
w
)2]
. (21)
Finally, we note that our analytical formulas can also be employed to obtain an estimate
of the impact of a background of larger radial divergence in the far field on the signal-to-
background ratio of the perpendicularly polarized signal photons. To this end, we assume
the far-field angular distribution of the N photons constituting the XFEL probe beam to be
made up of two contributions, containing (i) N¯ and (ii) δN x-ray photons, respectively. In
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turn, we have N = N¯ + δN . More specifically, we describe both of these contributions by
Eq. (14), employing (i) the single substitution N → N¯ , and (ii) both substitutions N → δN
and ω → ǫω. Here, the parameter ǫ≪ 1 is introduced to make the distribution wider, while
at the same time reducing its peak amplitude. In order to model a background of radial
divergence θ(ϕ)/ǫ, cf. Eq. (15) above, at the level of b≪ 1 for the differential XFEL photon
number in the far field, we set δN = N/(1+ǫ2/b)≪ N , which immediately implies ǫ2/b≫ 1
and N¯ = N(ǫ2/b)/(1+ǫ2/b). In the formal limit of ǫ2/b→∞, we have N¯ → N and δN → 0.
As an immediate consequence of their distinct radial divergences, for small (larger) values
of ϑ the differential photon number is dominated by the contribution proportional to N¯ (δN).
In turn, for low enough background levels the condition (17) is now even met twice, namely
for ϑ(i)= (ϕ) ≈ ϑ=(ϕ)|F→(1+b/ǫ2)F and
ϑ(ii)= (ϕ) ≈
√
(w1
w
w2
w
)2 − [(w1
w
)2 cos2 ϕ+ (w2
w
)2 sin2 ϕ](w1
w
+ w2
w
)2
(w1
w
w2
w
)2 − [(w1
w
)2 cos2 ϕ+ (w2
w
)2 sin2 ϕ][ǫ2(w1
w
+ w2
w
)2 + ǫ
2−1
2
]
ϑ=(ϕ)
∣∣
F→( 1
ǫ2
+ 1
b
)F
.
(22)
As in the idealized situation scenario detailed above, due to the faster decay of the differential
number of XFEL probe photons relatively to the differential signal photon number, from
a certain polar angle ϑ(ϕ) = ϑ(i)= (ϕ) onwards, the perpendicularly polarized photon signal
should no longer be background dominated. However, due to presence of an additional
background exhibiting a much wider radial divergence than the polarization flipped signal
photons, this regime is now delimited from above by the angle ϑ(ϕ) = ϑ(ii)= (ϕ). For larger
polar angles the signal photons are again background dominated. In turn, the differential
number of perpendicularly polarized signal photons fulfilling the criterion dN⊥
dϕdϑϑ
/ dN
dϕdϑϑ
∣∣
ϑ=0
≥
P is given by dN⊥>
dϕ
≃ ∫ ϑ(ii)= (ϕ)
ϑ
(i)
= (ϕ)
dϑϑ dN⊥
dϕ
.
IV. CONCLUSIONS
In this article, we have provided compact analytical expressions for the differential number
of polarization-flipped signal photons, constituting the signature of QED vacuum birefrin-
gence, in the head-on collision of XFEL and optical high-intensity laser pulses. They allow
for novel insights into the scaling of the effect with the waists and pulse durations of both
laser beams, as well as the Rayleigh range of the high-intensity beam. Moreover, they ac-
count for the effects of transverse offsets of the beam axes of the XFEL and high-intensity
laser beams, and non-optimal focus overlaps in longitudinal direction. As an immediate ap-
plication, our results allow for the determination of an analytical expression for the angular
divergence of the perpendicularly polarized signal photons. This observable could previously
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only be extracted from fits to numerical data points; cf. [41, 43].
We expect our formulas to be very useful for the planning and optimization of experimen-
tal scenarios aiming at the detection of vacuum birefringence in XFEL/high-intensity laser
setups, such as the one put forward at the Helmholtz International Beamline for Extreme
Fields (HIBEF) at the European XFEL. In a second step, the optimal scenarios for exper-
iment identified on the basis of the approximate results for the polarization-flipped signal
photon numbers provided in the present article can then be analyzed quantitatively in a full
numerical analysis along the lines of [41].
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